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Based on Heisenberg’s statistical theory of turbulence, a model for steady state turbulent
convection is herein proposed, and on the basis of this model, equations for the energy spectrum
for steady state turbulent convection are derived. The spectrum is obtained from the solution
of a nonlinear integral equation. After the integral equation is brought into a universally valid
nondimensional form, it is transformed into a nonlinear first order differential equation to be solved
numerically, with the Rayleigh number appearing as the only parameter. The energy spectrum has
a substantial deviation from the Kolmogoroff law, as a result of the buoyancy force acting on the
rising and falling eddies. The presented theory may be applicable to convection in planetary and
stellar atmospheres wherein the radiative heat transport is small.

Introduction

Without justification, it is a widely believed view
that the spectrum of atmospheric turbulence can be
satisfactorily described by the universal Kolmogo-
roff-Heisenberg law 12 for isotropic steady state
turbulence. This law predicts a =" power depen-
dence for the equilibrium range and, where visco-
sity becomes important, for large wave numbers it
is followed by a k™7 tail. Apart from the fact that
this law is valid only for the case of steady state
turbulence, which in general is not given in the
earth atmosphere, it cannot be applied to describe
the spectrum of turbulent convection because it does
not take into account the buoyancy force which is
relevant for the phenomena of convection. Since the
buoyancy force acts primarily on large eddies,
which contribute mostly to the small wave number
range of the energy spectrum, one would expect that
the deviation between the Kolmogoroff-Heisenberg
law and the observed spectrum of atmospheric tur-
bulence increases with decreasing wave numbers.

The phenomena of turbulent convection is not
only of great importance in astrophysics in the
theory of stellar structure but also for planetary
atmospheres, in particular the atmosphere of the
earth.

It should be mentioned that the phenomena of
steady state turbulent convection can be indirectly
observed by atmospheric scintillation above a hot
surface and also directly in the process of boiling.

* This work has been supported by the National Aeronautics
and Space Administration under Grant No. NGR-29-001-
016.

1 W. HEISENBERG, Z. Physik 124, 628 [1948] and Proc. Roy.
Soc. London A 195, 402 [1948].

Because of the great significance of the problem
of turbulent convection in understanding stellar at-
mospheres (in particular the solar atmosphere), a
theory for the energy spectrum of turbulent convec-
tion which is based on Heisenberg’s statistical the-
ory of turbulence has been developed by LEpOUX,
ScHwWARZSCHILD and SPIEGEL 8. This theory neglects
turbulent heat transport and is therefore only ap-
plicable to the limiting case of vanishing Prandtl
number, which is a good approximation for the
solar atmosphere because of the predominance of
radiative energy transfer over turbulent heat trans-
port. As expected, the calculated spectrum ap-
proaches the Kolmogoroff-Heisenberg law asympto-
tically for large wave numbers and has a substan-
tial deviation from the k=" power law for small
wave numbers, being replaced by a £~7 dependence.
Accordingly the spectrum is peaked near the lower
wave number cutoff of the energy spectrum and the
energy is primarily concentrated in the largest ed-
dies. The theory is in qualitative agreement with
the observation, especially confirming the peaking
of the spectrum for small wave numbers.

Since the temperatures of planetary atmospheres
are comparatively low, the Prandtl number cannot
be considered to be small. The same will also be
true for very cool stellar atmospheres where the
theory by Ledoux et al. breaks down.

We will present in this paper a theory of turbu-
lent convection which is better adjusted to the
physical situation existing in a relatively cool atmo-

2 S, CHANDRASEKHAR, Proc. Roy. Soc. London A 200, 20
[1949].

3 P. LEpoux, M. SCHWARZSCHILD, and E. A. SPIEGEL, Astro-
phys. J. 133, 184 [1961].

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fiir Naturforschung

This work has been digitalized and published in 2013 by Verlag Zeitschrift

fiir Naturforschung in cooperation with the Max Planck Society for the
Advancement of Science under a Creative Commons Attribution-NoDerivs
3.0 Germany License.

@ ® @ in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der
BY ND Wissenschaften e.V. digitalisiert und unter folgender Lizenz verdffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.



THE SPECTRUM OF STEADY STATE TURBULENT CONVECTION

sphere, such as in the terrestrial atmosphere. As in
the theory by Ledoux et al., we will also base our
assumptions on Heisenberg’s statistical theory of
turbulence. However, to Ledoux et al.’s we must in-
troduce an additional assumption relating to the
heat transport by turbulent eddies with the energy
spectrum.

1. The Basic Equations

We will consider only convection phenomena
with small Mach numbers, excluding the possible
occurrence of shock waves. The assumption of small
Mach numbers is generally a very good one for
planetary atmospheres, for the solar and stellar at-
mospheres, however, this is not too certain.

Under this assumption we can make use of the
Boussinesq approximation ¢ with the following equa-
tions of motion:

w/3t+ (v-V)v=— (/o) Vp’

+vVWw+gaT e,, (1.1)

the energy equation
AT’ Rt+v-VT' =y V2T +fv-e,, (1.2)
and the continuity equation

divv=0. (1.3)

In Egs. (1.1) — (1.3) T’ and p’ are the perturba-
tions of the temperature and pressure fields, from
their respective equilibrium values, a is the thermal
expansion coefficient, f= —AVT is the excess of
the temperature gradient over the adiabatic tempe-
rature gradient, €, is a unit vector in the vertical
direction, and y is the heat conduction coefficient.

To derive the equations for the energy spectrum
of turbulent convection, we proceed as follows:

a) We expand the fields of velocity, pressure and
temperature in wave number space

v(r,t) = kZ v(k,t) exp{ik-1}, (1.4)
p(r,t) = kZ p'(k,t) exp{ik-r}, (1.5)
T'(r0) = 3 (k1) exp{ike-r}.  (L6)

b) We will assume isotropy of the turbulent mo-
tion which implies that we can, without loss of in-

4 E. A. SprieceL and G. VERONIS, Astrophys. J. 131, 442
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formation, average all quantities over a spherical
surface in K-space.

c) We then consider the following spectral func-

tions:

F(k,o) = 5 B2 j (v(k,2) v* (K, 1)) A2,  (L.7)

Glle,1) = 55 B [ (T/(Be,t) T (K, 1)) 4Q, (1.8)
Hk,t) = 5 5os K2 e, [ {(00,0) T (K, 1))

+ (v*(k,t) T' (k,t) )} Q. (1.9)
In Egs. (1.7) — (1.9) the quantities in ( ) brackets

denote ensemble averages.

d) We transform Egs. (1.1) and (1.2) into k-
space, multiplying the resulting equations with
v*(k,t) resp. T* (k,t), p*’ (k,1), and after taking
the ensemble averages integrate over a spherical
surface in K-space. With the definitions (1.7) —(1.9)
we then obtain the following set of equations for the
spectral functions F(K,t), G(Kk,t) and H(K,t):

_OF[3t=2viF—2gaH _kfo(k, K dK, (1.10)

_3G[3t=25kC-28H— [ Uk K)dK.(1.11)
ko

In (1.10) and (1.11) %, is a lower cutoff wave
number below which it is assumed that the spectral
functions are zero. k; is related to the largest pos-
sible wave number compatible with the boundary
conditions.

The terms involving Q (k, k") and U (k, k") result
from the nonlinear interaction terms (v-V) v and
v-\VT’, and are trilinear in the Fourier-transform
of the velocity field resp. bilinear in the tempera-
ture and linear in the velocity fluctuation.

In deriving (1.10) we observed the vanishing of
the velocity pressure correlation for the case of iso-
tropic turbulence.

e) In order to see the connection to Heisenberg’s
theory we put g =0. The spectrum F(k,t) which is
the energy spectrum is then determined from Eq.
(1.10) above. For g=0 Eq. (1.10) is given by

—OF[Ct=2vK*F— [Q(k,K) dK. (1.12)
ko

[1960].
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We integrate Eq. (1.12) over k from k=Fk, to %k with the result

k

: k K o0
_2 j F(E,t)dk'=2» [F(K,1) K*dk — [dK [ Q(K, k") dk”.
at k. ko kn

ko

(1.13)

If we compare Eq. (1 13) with Heisenberg’s equation for F (£, t)

k
at fF(k 7) dk—2 <v+rf 1/7;;3’) dk”) [F(K,1) K2aF,
ko ko

(1.14)

we see that Heisenberg’s theory is based on the ad hoc assumption

k =3 k
[aF [QUK,K") k" = —2v(k) [ F(K,0) K2dk,
ko kq ko

where v (k) is interpreted as an “eddy viscosity” for
which Heisenberg makes the assumption

T V1/E®)
= { l/ s dF

% 1s a universal constant and measurements have
lead to a numerical value of x~1/3.

v (k) (1.16)

The significance of Heisenberg’s assumption
(1.15) is derived from the fact that it makes it
relatively easy to obtain the energy spectrum as a
solution of Eq. (1.14) which would otherwise be
extremely difficult. Since no better hypothesis seems
to be at hand, we will postulate Heisenberg’s as-
sumption for Eq. (1.10).

f) In order to obtain a similar reasonable as-
sumption for the nonlinear integral term in Eq.
(1.11), we postulate in analogy to Eq. (1.15).

k L3 k
kf dt' fUK,E") dE”" = =2 4 (k) [ G(K) K2 dK,

0 ko ky
(1.17)

where 7 (k) is an “eddy heat conduction coefficient”
analogous to the “eddy viscosity”’ defined by Heisen-
berg.

In analogy to Heisenberg’s assumption (1.16), it
is required to relate x (k) in some physically mean-
ingful way to the spectral functions. How this is to
be done most expediently is discussed below.

g) In order that the system of Egs. (1.10) —
(1.11) has a solution, it must be supplemented by
an expression relating two of the occurring spectral
functions. In the theory of Ledoux et al. it was as-
sumed that the velocity and temperature fluctuations
are in phase and it was made plausible that under
this assumption one should have

H=ViFG. (1.18)

(1.15)

It should be pointed out that this assumption was
made with no reference to the special conditions
prevailing in the solar atmosphere; it seems there-
fore reasonable to assume that the same relation is
valid in our situation.

h) For the following it is more convenient to in-
troduce instead of (k) and y (k) different turbulent
transport coefficients defined by

13
_k?%(k), dik [v(k) [F#)

With these definitions and the assumptions (1.15)
and (1.17) one has finally for the equations of the
spectral functions

v, (k) = K2 dk'} ,  (1.19)

K2 dk']. (1.20)

—OFQt=2{v+v,(k)}B*F-2gaH, (1.21)
_3G/=2{y+n k) RC_28H, (1.22)
=V3iFG. (1.23)

i) We return now to the question of how to re-
late (k) to the spectral functions. For this we use
the analogy of mixing eddies and mixing gas mole-
cules. From kinetic theory of mixing gas molecules
a relation between y and v is derived given by

2="[7, (1.24)

where 7 is the specific heat ratio for which, depend-
ing on the number of degrees of freedom, one has
4/3<y<5/3.

We may assume that relation (1.24) remains also
valid in relating »(k) and (k) ; that is, by assum-
ing

2 (k) =v (k) [y",
where »* is the “specific heat ratio for eddies”,
which may be assumed of the order unity. It turns

(1.25)
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out to be more expedient, however, to postulate
such a relation for the quantities »,(k) and yx,(k)
defined by (1.19) and (1.20), because only in this
case the integral equation for the energy spectrum
F(k) of steady state turbulent convection takes a
particular simple form most tractable by analytical
and numerical methods. A further simplification re-
sults by assuming y 22 »* which should be not too
bad an assumption for this rather crude theory. We
therefore postulate

xe(k) =v (k) [y*=», (k) [y.

It should be pointed out that from a physical
point of view the difference resulting from either
assuming (1.25) or (1.26) should be not too great
since the observed energy spectra follow mostly
power laws and it can be seen that in this case
v, (k) =v (k) and y,(k) = (k) is fulfilled exactly.

j) For steady state turbulent convection we have
to put 3/3t=0 and obtain from (1.21) — (1.23)

(1.26)

vk F=gaH, (1.27)
*kG=(H, (1.28)
H=V}FG, (1.29)
with the definitions
v =v+v,.(k), (1.30)
=21+ x(k). (1.31)

Multiplying both sides of (1.27) and (1.28) and
eliminating H with the aid of the Eq. (1.29) re-
sults in

2v* " kt=gaf. (1.32)

Because of (1.24) and (1.26) we have y* =+*/y

thus that one can write for Eq. (1.32)

vi2=(gafy[2)". (1.33)
For g=0 one has
»*=0, (1.34)
respectively
1 d 4
v+ ﬁﬁ1v(k)]!Fk2dk =0 (1.35)

from which Heisenberg’s equation for steady state
turbulence in the absence of gravitational buoyancy
is obtained by multiplying with F(k) and integrat-
ing over k from k =k, to k. It seems, therefore, that
Eq. (1.33) is the most simple generalization of
Heisenberg’s theory in the presence of a constant
gravitational force.
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k) We have finally to say something about the
lower wave number cutoff. Ledoux et al. make it
plausible that the turbulent convection is peaked
around the cone in K-space

ket + k2 =k2= 3.

Without giving proof, we would like to mention
that this condition can also be derived more sys-
tematically ®. In a distance d above the ground level,
the smallest wave number %, must obey the bound-
ary condition

(1.36)

k,==n/d.

By substituting (1.37) into (1.36), one obtains
from this a lower cutoff wave number k; given by

ky=V27/d. (1.38)

(1.37)

2. Nondimensional Form of the Integral Equation
for the Energy Spectrum and its Transformation
into a Nonlinear Differential Equation

We introduce a nondimensional wave number ¢
defined by

k=koq, (2.1)

and a nondimensional energy spectrum f(g) defined
by
F(k)=gaBy-f(q)[22 k.

With these substitutions Eq. (1.33) reads

(2.2)

T quffqu}=0,<zm
q q 1

where d is given by
d=vke/(gapfy/2)". (2.4)

0 can be also expressed in terms of the Rayleigh
number

R=gafdifyv =gafyd*/*=4atgaBy/r* Kk,
(2.5)
hence,

d=2a2V2/R. (2.6)

Of special importance is the case R— oo for which
0 =0. After differentiating the third term occurring
in (2.3), one has

8- L4 T/ Lag- -1 frqrdg=0. @7
¢ g ' fa' 1 ’ )

5 F. WINTERBERG, Heisenberg’s Statistical Theory of Turbu-
lence and the Equations of Motion for a Turbulent Flow,
Z. Naturforsch. 23 a, 1471 [1968].
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A solution of Eq. (2.7) is suggested by CHANDRA-
SEKHAR’s 2 solution of Heisenberg’s equation. In
accordance with this solution we make the substitu-
tion

o= 14 q. (2.9)

Differentiation of the transformed equation with
respect to z yields

s L (2.10)
x x x
In deriving Eq. (2.10) we used the relation
dz
= =t (2.11)
obtained by differentiating (2.9).
From Eq. (2.8) and (2.11) we obtain
dz/dg=y/q. (2.12)

From (2.9) follows furthermore that for ¢=1, 2=0.

The differential Eq. (2.10) has to be solved nu-
merically, resulting in a function y =y (z, A), where
A4 is a constant of integration. Inserting this func-
tion into (2.12), one obtains by integrating with
the boundary condition ¢g=1 for z=0:

OfIdx/y(x,A)

From (2.13) follows g¢=gq(x, 4) which, together
with the solution of the differential Eq. (2.10)
y=y(z,A), determines y =y (g, A) and hence ac-
cording to (2.8)

g =exp : (2.13)

(@) =y(g,4) /g

What remains to be done is to relate the constant
of integration occurring in the solution of (2.10) to
the constant 6 occurring in (2.3) resp. (2.7). For
this we multiply (2.3) by f ¢ and integrate the re-
sulting equation from 1 to ¢ and then putting
g— oo . By this procedure the term resulting from
the square bracket of Eq. (2.3) vanishes and we
have

(2.14)

0 1q*dq=f]da, (2.15)

which by virtue of (2.11) can be written as follows:

oo
dz
02e0 = of PCV

(2.16)

F. WINTERBERG

where z,, is defined as the value of z=2z(q, 4)
where ¢ becomes infinite. Equation (2.16) then de-
termines 4 for any given value of 0 and hence for
any Rayleigh number. This completes the solution.

3. The Solution of the Differential Equation
for y=y(z, 4)

What remains to be done is to solve the differen-
tial equation (2.10) numerically. The differential
equation has two singular points, one atz =0,y =1,
and the other at = co and y = co. All integral cur-
ves have to go through these two singular points.
In the vicinity of the singular points, one can ob-
tain analytic approximations for the solution of
Eq. (2.10). The singular points have to be excluded
from the numerical integration procedure, but a
knowledge of the solution in the vicinity of the sin-
gular points is necessary. Since the solution of the
differential Eq. (2.10) is physically meaningful
only for 0 <z <z, , the behavior around the other
singularity is not required if the integration is
started from the singularity at z=0, y=1.

The integration of the differential equation was
performed numerically by the Runge-Kutta method
and the result of this calculation is plotted in Fig. 1

TG AKoLMO

1 1
1 2 3 4 5 6
q

GOROFF)
I

Fig. 1. The nondimensional energy spectrum for turbulent
convection for =0 (R=o0) and d=1. The dotted line is
the Kolmogoroff spectrum.

giving the spectral function f(g) for =0, that is
R=c and for 6 =1. Furthermore, in Fig. 2 the
dependence of the constant of integration 4 on the
number 6 is plotted for the range of interest, given
by 0<d<1. It follows especially that for 6 =0,
that is R = co one has 4 = 5.2338. The Kolmogoroff
q~"* power law is also plotted in Fig. 1 to see how
the actual spectrum will deviate from it.
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Fig. 2. The dependence of d upon 4.

Near the singularity at =0, y =1 the Runge-
Kutta solution is matched with the analytical ap-
proximation.

To obtain the analytic approximation near the
singularity, we write the differential Eq. (2.10) as
follows:

dy/dz=4(y—Vy—2)/x

and expand the r.h.s. in the vicinity of the singular
point located at =0, y = 1, with the result

(3.1)

2928 340,
x x

Y (3.2)

Eq. (3.2) is a first order linear differential equation
with the general solution

y(x,A) =1+4z—-A4z% A>0. (3.3)

We have chosen the sign of the constant of inte-
gration in (3.3) as to make y(z, A) zero for a cer-
tain value of z; otherwise, g =¢q(z, 4) as given by
(2.13) will not cover the entire range 1 >¢> .

4. Some Expectation Values
Derived from the Energy Spectrum

In the following we derive a number of expecta-
tion values of interest in applying our results to a
realistic situation.

We are interested in the following mean or ex-
pectation values:

() = kf F(k) dk, 4.1)

(T?) = [G(k) dk, (4.2)

?:'\8

(0T)y = ka(k) dk. (4.3)
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One can show that the expectation values (4.2) and
(4.3) can be expressed by the expectation value
(4.1). Eliminating H from (1.27) and (1.28) and
observing that y* =»*/y , we have

G=(Bylga) F. (4.4)
From (1.29) and (4.4), it follows further
H=VBy/2gaF. (4.5)
hence (T = (Bylga) (v¥)k, (4.6)
and -
(0T)u=VLL (02 (4.7)

With Eq. (1.38) and the definitions (2.1) and (2.2)
we can write for (4.1), (4.6) and (4.7)

(vz)q=yaﬁr(2jx)2ff(q)dq, (4.8)
q

()= (422) Tf(q) g,  (49)
q
(W)= .(0;)1’_ (%)2 (ﬁzz)”ﬂff(q) dg. (4.10)
q

The function

o9 s
[ f(g) dg } is plotted in Fig. 3.
q

20

[ Frloia]”
q

15

~

2

W
™~
wn

6

Fig. 3. The function [ [ f dg]"2 describing for =0 and d=1
the fluctuations in velocity, temperature and the velocity-tem-
perature correlation.

Of special interest are the total mean values ob-
tained by putting in (4.8) — (4.10) g=1. The in-
tegral for g =1 has a certain numerical value which
for 6 =0 is given by

l?f(q) dg=21.96. (4.11)
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To apply these results, for example, to a convec-
tive cloud in the earth atmosphere we put for in-
stance (c.g.s. units)

d=10cm, a=3x10"3°K™1,
B=3%x10"5°K/em, y=14,
v=10"1cm?/sec, g=0.981x 103 cm/sec?,

(4.12)

%=0.33
and obtain
R=1.37x1018 (4.13)
furthermore
[{(v2)g-1]" = 8% 102 cm/sec,
[(T2).1]"=2.8°K, (4.14)
Ty — o 3
iy vﬁ(vT>—3‘7X10‘

The value for the Rayleigh number (4.13), shows
that we have to assume d =0. The mean value of
the velocity and temperature fluctuation (4.14)
seems to be in good qualitative agreement with the
observation. The third value of (4.14) indicates the
predominance of the heat transfer by turbulent con-
vection over that by conduction.

Finally, we are interested in the lifetime of an
eddy belonging to the wave number £, respectively
q = k/ky . This lifetime is given by

r=1/k[(v2),]". (4.15)
With k=ky q, ky=V2z/d and the expression (v?),
Eq. (4.8) we obtain from (4.15)

tfto=1/q[ § fdq]",

T9o=(2#2/gafy)". (4.16)
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The function 7/7, is plotted in Fig. 4. For ¢=1 one
has 7/7y=0.7 and hence for the chosen values of

1181 -10 NFA
the example given above
7 =29 sec (4.17)
as the characteristic lifetime.
151
1 =1
101~
1(q)/T,
=0
05
| ! 1 Il
1 2 3 4 5 6

Fig. 4. The mean life time for an eddy of dimensionless wave
number gq.
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